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II. The Potential of an Anchor Ring.
DBy F. W. DysoN, B.A., Fellow of Trinity College, Cumbridge.

Communicated by Professor J. J. THoMsoN, F.R.S.
Received March 19,—Read May 5, 1892.

Introduction.

In this Paper I have developed a method of dealing with questions connected with
Anchor Rings.

If », 0, ¢ be the coordinates of any point outside an anchor ring, whose central
circle 1s of radius ¢, then

, s
0/ ("% + ¢ — 207 sin 6 cos ¢)

is a solution of LAPLACE’S equation, finite at all external points and vanishing at
infinity. Let this be called I. Then dI/dz is another solution; and two sets of
solutions may be found by differentiating I and dI/dz any number of times with
respect to ¢. These solutions are symmetrical with respect to the axis of the ring.
In the first set 2 is involved only in even powers ; in the second set in odd powers.

Take a section through the axis Oz of the ring and the point P, (7, ) cutting the
central circle of the ring in C.

z

.

2

.B\ g \
‘X
SR

Let CP = R and 2 OCP = X-
When R is less than ¢, the integral

j’ ™ de
o vV (r* + ¢* — 2¢rsin 0 cos ¢)
G 2 21,1.93
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44 MR. F, W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

is expanded in ascending powers of R/c, and the expaunsions of the integrals, obtained
by differentiating this with respect to ¢, are deduced. Section I.is devoted to the
discussion of these functions, and some similar ones, needed in hydrodynamic
applications.

In Section II. the potential of an anchor ring at.all external points is found in a
very convergent series of integrals. The expansions of Section I. are not needed ; but
the first few terms are reduced to elliptic integrals. The equipotential surfaces are
drawn for the ratios ¢, 2, 3, £, 1 of the thickness of the ring to its mean diameter.

In Section III. the potential of a conductor, in the form of an anchor ring, is found
at external points ; the surface density at any point of the ring and the charge are
also determined. Section IV. consists of a discussion of the motion of an anchor
ring in an infinite fluid; the velocity potential or stream line function for motion
parallel to the axis, perpendicular to the axis, &c., being first determined. The
kinetic energy is determined in the several cases; and in the case of the cyclic motion
through the ring, the linear momentum. In this last case, the solid angle subtended
by a circle at a point near a circumference, is incidentally found.

In Section V. the annular form of rotating fluid is discussed, when the thickness of
the annulus is small compared with its mean radius.

It is shown that the form of the cross section may be represented by
R =a (14 B, cos 2y + B; cos 3y +, &c.), where B,, B;, &c., are of the second, third,
&c., order in a/c. Their values are found as far as (a/c)*.

To the second order |

The method employed throughout the paper has not the analytical elegance of
Mr. Hiors' Toroidal Functions, but it has many advantages. The potential of an
attracting ring takes a very simple form. The boundary conditions to be satisfied in
hydrodynamical applications are very simple. The results are obtained in terms of
IR and x, the quantities most obviously connected with a ring.

I am greatly indebted to Mr. HermaN, Fellow and Assistant Tutor of Trinity
College, Cambridge, for the careful manner in which he has read over much of the
work, and the many errors he has corrected. In consequence, the paper will, I think,
he found free from any serious mistakes.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 45
Section I.—Preliminary Analysis.

§ 1. Take a fine ring in the plane of w, y, centre at the origin, and consisting of
attracting matter of density k cos n ¢, where ¢’ is the azimuth of any point.

v

The potential of this ring at a point P, whose coordinates are », 0, ¢, is

">2rr k cos ’)1/(;6/ Cd(f)/
o V{* + ¢ — 2crsincos (¢ — @)}

Put ¢’ = ¢ + ¢, then the potential

_ j 2 ¢k (cos ng cos nyr — sin nep sin nar) difr
- ) V{7® + ¢ — 2cr sin 0 cos \r}

2 ck cos mfr dajr
= COS8 77/95 so V{7 + ¢ — 2cr sin 0 cos 4}

as the second integral vanishes between the limits,
Therefore
” cos 1 dep
c0s ndp .‘ o V(7 + & — 2¢r sin 6 cos ¢)

or
T CcOoS 7’L¢' d(i)
CcOoS nqS [0 \/(zg + ¢ — ¢wm cos (1) + m2)

is a solution of LAPLACE’S equation,
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46 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Similarly
. " cosng dd -
sin ﬁ/d) fo \/(2‘2 + 02 — 206)' cos ¢ + w2)
is a solution.

Let V stand for either of these integrals. Then

dar+e’V
de? dz1

is also a solution of LAPLACE’S equation.

For different values of p and ¢ the solutions are not all independent : as it is easily
seen that

f i cos n¢ ilgb 3
oA (Z* + & — 2w cos p + w°)

satisfies a linear partial differential equation of the second order in ¢ and z.
But two independent sets of solutions are obtained by giving different values to p

LAV (e (Y
n —-" an dc)' 7 )

The only cases considered in this paper are when n =0 or n = l. That is the
solutions of the forms

ayer 7 .
de) Joa/(# + ¢ — 2w cos ¢ + w?)’

Gy 1 .
de) dzlon/(# + ¢ — 2ew cos p + &%)’

a\e [« cos ¢ de .
COS¢<¢?@> j-o\/(z2+c‘3—20mcos¢+cg)’

and

a\e d (= cos ¢ dep
cos ¢ <dc> dz Jo V(A — 2w cos b + w7’

\

as these cover all the cases to which the functions are applied in this paper.
It is easily seen that

'{" cos ¢ de
b 0 \/(22 + 09 —_— 2067 COS (f) + 1172)

and, consequently,

ay ( " cos ¢ dp
“ \de Lo/ (22 + & — 2cw cos ¢ + w?)
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 47

are solutions of the equation

Py Py 1y _

d? dw? w dw

For putting ¢ = =, this equation becomes
@y @y 1dv 1

d? de® o ds  w

¢ = 0,
that is, ® cos ¢ is a solution of LAPLACE'S equation.
§ 2. Expansion of the Functions.—Let the plane through the axis of the ring and

a point P, cut the ring in the two circles whose centres are C and C,.
z

P

/

CP=R; CP=R,; OC=c;

Let

and the angle
OCP =

Also, for convenience, put

o | =5

and

l=log§-§—2

When R is less than ¢ the above integrals may be expanded in ascending powers
of R/c or s.

I i
oV {7 + & — 2¢rsin 6 cos P}

¢

2 (%
—\ R -1 . o]
RIS‘O/\/{I—— e squ

2 flogd y PR 4R 2 UPRG AR 2 2
E{ +22R2< SCANTY _1,2>+22421{14 log R 1234 + .. 00

[Cayrey, ‘ Ell. Func.,” p. 54.]

I


http://rsta.royalsocietypublishing.org/

VA\
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

48 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
]’ T oS ¢ dep
0/ {7 + ¢ — 2¢r sin 0 cos ¢}

Il
I

2 Sg (2 cos®p — 1) dep

4 AR, (1R A 2
“R<1_53>H1°g R 221{;3(10% R _1.2>+"'}

THE
1R/, 4R, 1 1P.3RY /. 4R, 2 1
"{1+2I{12<IOgR 1. 2) 2 4 R <1 BT “1.—2“:§1>+"'H
2 4:1%1 R 12,3 R 4R, 2 2
R{ +22P2<1 - ) 421>4<l°g_§""’1.2"5‘?’4)“’"'}

[OAYLEY, ‘Ell Func.,” p. 54.]

2 ‘r 4R Re 9102 41?1 =7 pa162 log ‘% — 295 }
_ 25 M, BTPR R B
Now
R? = 4¢®* — 4cR cos x + R?
R R
— 402 _ b R?
= 402(1 — § oSy +‘jI>
Therefore
R8s sty semiy
log T _—logs — e =y e — &
"'l+2—-fcosx——-—~0032x cos3x &e.

R? s s st
:ﬁ)—hﬁ_fé—}- 16 €08 X +@(1 + 2 cos2x)+&c.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 49

Substituting in the above expansions

i : de
jlo V{7t + ¢ — 2er sin 6 cos ¢}

2 cosx /1 4 + 1 cos2y cos 3X>
—_— D e gL <2 .___M_. DA
R‘{Z—F. + s \ ( cosx o
500415  4l+1
—|-8< 2048 -} 98 Cos 2y = ¢ cos4x>+...
r - cos ¢ d
oA/ {7 + & — 20 sin 0 cos ¢}
: oS 50 + 3 cos 2 100+ 1
"’E;{]"“ ()X+92< TR 8X>-|- 3<-—3—2~c 0% cos3x>
’ 3221 +35  200—3 ]
+‘4< 5018 198 cos2x—-g%fcosx>+...j.
Now
2 s\ %
ﬁl <[-—-900@X+ >

)

1 s cos of 1
— ;{1 + X + 52 <f6—3 + »cos 2X> -+ 33< -, C0S X + »»»»» 4 CO8 3X>

9 20 35
+ st <fO74 -+ 1094 08 2 + 5 T094 08 4x> + . }

Therefore
j’ ™ d
04/ {7* + & — 2¢er sin 6 cos ¢}

1 . I+1 o (20+1 3142
—c{l+2+b 5 cosx+s< 16 -+ - is 0082x>

5 9l+3 50+ 7
+s< X+ 192 c033x>

(1050427 | 601+ 13 1050 + 34 |
+ S4< 2048 T es A E g cos 1) + & }

And
r cos ¢pdd
04/ {7 4+ ¢ — 2ersin 0 cos ¢}
1 -1 l
::{l-]— cqu+39<6j—l+———~4cos2
/

337+ 1 150 — 23
3 329
T ( 6 T ez oo 2X>
5401 + 27 | 2400 — 23 1050 — 176
+ 84< 2048 T e COIX T ) + &e. }
MDCCCXCIIIL. —A. » H
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50 MR. ¥. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.
§ 8. To obtain the expansion of d r--~w-* B ~in ascending powers
‘ de Jo /{7 4+ ¢ — 2¢r sin 0 cos ¢} ‘ o

R : : " ¢

of =, the corresponding expansion of ( : -
P p g exp Jo /{1 4+ ¢* — 2¢r sin 0 cos ¢}

tiated with respect to ¢, R and x being considered as functions of 7, 6, and e.

Now

must be differen-

R sin y=1rcos 0=z

Rcosxz<;~—7"si119:cwm}

Therefore
R o . Oy }
coS X = - R sin x =1

ol ) } )
sinx(éib-}—]{ cosxgic = OJ
Solving these equations a
R
5, = €S X
: %i‘ = = sin y
Again
COS X A~ Rsmx%—i‘:: 0 -]l
and

Solving these equations
or . 0
T, =S R ax = Ccos Y.

<

From these formulee it follows that

d ’ ,

Z (R cos nx) = nR*~! cos (n — 1) le
and &

d feosnx) _ _ eos (n+1)y i

de R - n Re+1 _J

and that

;—% (R*cos ny) = — nR* ' sin (n — 1) x ]
and |>
@ (w) _ _nsin(d4 Dy |
PPN Retl )
Let us write
1= 19
L 50.\/(4'9 + ¢* — 2¢r sin 6 cos ¢)
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MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING. 51

I, has been expanded as a function of R, y, and c.
The expansion of dI,/dc may therefore be found by differentiating this by the rule

«,(_é — _a_. H 4 _?._ ’?HI_X ._a_ .
de =0 TOBXR T R &y

It is rather simpler to use the formulw® for d/dc (R* cos ny) proved above.
Take, for example, the term
L4353 cos X.
¢ 64
This

9 + 3 R? o,
= — R cos y.
61+ ¢t R co X

- ‘]

(AR ) = DI ¢ e

= = ;lb (R cosx) + Reosx -

de \ 64 64t de 6ot
_ O+ | Reosy 9 hoy o Rcosy O (90 +3
- 64¢t 64¢t  OR l(‘)l + 3) §+ 64 O¢ ¢t

In performing the partial differentiations with respect to R and ¢, it must be
remembered that | = log 8¢/R — 2, and is a function of R and ¢.
Let

_t+2 1+ 1Reosy 2L+ 1) R* (31 + 2) R? cos 2y
L= ¢ + 2 o + { 16¢3 + 16¢3 }
(97 + 3) R? cos (160 + 7) R? cos 3y
+ { Gdet + 192¢* + &e.
dl, _ cosy 14 cos 2y + (82— 3)Rcosy 3R cos 3y
de eR 4¢? 32¢8 3263
(181 = 3) 12 | (18— 8 I cos 2y _ 51 cos dy]
+ i 28+ T 128¢* o128t +-
I+ 1 (38 + 2)Rcos y (90 +3) R (151 + 7) R® cos 2y
+ 2¢ + 8¢ + { 64ct + 64¢* } Uk
(t1_ @4 D Reosy [(6L+ DR (9043 Reos2]
& 2¢° 166t 16¢+ "

R

__tosy 20 + 3 + cos 2y _ (20 + 11) R cos + 3R cos 3X1
4¢? 42 32¢3, 326 |

(122 + 5) R? T (120 4 9) R* cos 2y | HRZcos dy] &C
- 128¢* Get 128¢* '
H 2
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52 MR. ¥, W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

From this d?I,/dc* might be obtamed, and then d°I,/dc?, &c., but in the question of
an attracting ring there is a special advantage in using functions of the form

A\t
<"Z£Zp> L

]. _ 1 CZ n—1 " (Z¢
v ¢ de Lo/ {4+ —2crsinOcos dp} *

Call this I,. Thus

Also denote

(__ L a\=t r . cosddd

¢ de Joa/{r* + ¢ — 2¢r sin 6 cos ¢}

by J,. .
The values of the functions are collected here for the sake of reference.

(A)
1 20 4+ 1 3+ 2 . 5
Il__c{l+2+ y +<MT6 + o oos 3X>'5
9 15

%Z+97 60/ + 13 1050 + 34 .
763 cos 2y - - 5079 COS4X>.S v-{—}

+ O i ..:l '+ 11
I, = 21) {cosx -+ ( n Cos X> s -+ <A—§-»-" cos x -+ %5 cos 3X>

120 +5 12049 _}
+< 8 T 6 Coszx+1%~s~<=os4x>sd+..,}

I, = 31” {cos 2x + (% cos x -+ 4 cos 3x) s
36/ + 51
+ (M

O

20 .
L, = 5 {eos 8x + (5 cos 2x + 4 cos dx) s + . . .}

2 cos ZX+~~'L()§4X> R S }

o

1535@{0084)(-}- -
(B)

1
dl; T {un X -+ 1sin2y s+ <~,;?; ~siny -+ % sin ox)

(lfo

3+ 3 . ., ;
+- ( 5 sin 2 + Togsin 4 X) §

I+3 . 120l+101 .
+< S sin y + — YT sin SX—{-g-‘g—i—gsmf)X) s }
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MR. ¥F. W. DYSON ON THE POTENTIAL O¥ AN ANCHOR RING. 53
d1, 1 5 L
R TiE] {sm 2x + (§sinx 4+ T sin 8x) s + (§ sin 2y + % sindy) s°
12041 . 1
+< o >°‘3+"‘}
dl, 9 . 5 . -
o= T o {sin 3x 4 (§sin 2y + Lsindy)s
+ (15 sin x + $5sin 3y + $sin 5x) > + . . .}
dl 3!
d; = — S isindx + (3 sin 8y + Lsin dy)s 4+ .. .}
d,
T "Jf; {sin 5y + .
(©)
I 1 6/ + 1 3 —4
—_—— — G ) 22
b{l-{— ——CO8 Y § +< -+ T COqu>b
330 4 1 150 — 23 .
+( 064 Ccos Y 0192 > cos Sx)s"
5407 ++ 27 2400 — 23 105 — 176
+ (12“648 N 6 COSEX T ggpy oo “X> st }

1 -1 4/ 4 21

Jy = 2L {cob X + ( + 4 cos HXB -+ < TTay  vosX -+ J cos 3X> 2

12045 120+ 19 ‘
38— @4 ©0s2x + iiw cos 4x> $3

187 + 1 351 4 32
+ <¥2:53_é ,,,,, cos Y — “oRe cos SX -+ 2048 cos DX) g S }

, 1 9
Js= {cos 2+ (Fcos x -+ 4 cos 3) s

520 — 21
——— - 4 cos 2X + 35 cos 4x>

+(5
A
207 4 127 , ‘
+< T s x + &y cos 3y + 1is cos5x\83+...}
. 21
Jo= i £008 38X + (% cos 2x -+ +cos 4y) s
+ ($cos x + 35 cos By + eosby) st ...}

. 8! ¢ 3] 1
J, = o {cos 4y + ($5 cos 3y + 4 cos by)s + ..

, 41
Jo = 4y foos bx + .. .
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54 MR. F. W. DYSON ON THE POTENTIAL O¥ AN ANCHOR RING.
(D)
a3 1 190 + 11 . .
Ej = - {smx + 1sin 2x s+ ( Ty sinx 5 sin 3x> &
9l
+ <— :; sin 2y 4+ 13y sin 4X)
(8049 . 3600+ 123 85 ! }
+\ 56 SIX 9048 sin 3y + goiesindy st 4. ..
dd, 1 3 1 o 9
== - sin 2y - (£ sin x 4 4 sin 3x) s + (& sin 2x + ¥ sin 4x) s
az
360 + 31 . a . .
+ < o Sinx -+ 155 sin 3x 4 g sin 5y) * 4. . }
dd, 21 . . ..
= T G {sin 3y - (§ sin 2y -+ L sindy) s
+ (Fgsiny 4 4 sin 3y + % sin 5x) * 4. . %
i, B
T {sin Ay + (1 sin 3x 4 L sinby) s + .
(ZJ 4! .
=T g SIOX A N

The following formula are useful for questions involving the stream-line {unction.
They are obtained by multiplying the expansions just given for J, J,, &c., by = or
c(l — scos ).

(E)
J (ﬂ)ZH ] 11(5 cos 2X> 5% < lej 7 cos X = Z],Qz] o8 3X>
+ <uj0_£8]1 -+ 12 )l,_/,G;” cos 2y == ),/0728 COS 4x> st
Jyo = (JR { cos x <é£~:f»~ — 4 cos 2X> - < h)(-)—%%w COS X — 3% COS 3X> s
N <>ozl ;847 blbi L cos 2y — 1 bg cos *1X> e
(/1_852:5_6—2? cos y — V—lvAl;f 4( ! €08 3 — auqE CoS 5X> st }
Jyw = ;é;, {cos 2x + (fcos x — 4 cos 3x) s + <52/);;7 — 3 cos 2y — 35 cos 4\(\ s

1247 4+ 101
—I—<— T OSX o COS 3Y = 135 CO8 b >83+ }»
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

2!
Jo = e {cos 3y + (2 cos 2y — 1 cos dy) s+ (84 cos y — 33 cos 3y — gy cos by) s*+

Jsm: 'P‘ {cos4x<+(2?cos 3y — Leosbhy)s—+ ...}

! 4!
Jow = - o fcos by -+ .

These five sets of formule will be referred to as (A), (B), (C), (D), (E).

Section I1.—The Potential of an Anchor Ring at an Fxternal Point.

§ 4. The potential of an anchor ring at a point on its axis may be easily found in
several ways. One simple method is to divide the ring into elements by spheres,

having the given point as centre.

P»r

0 A c’

Let QAR be a circle which by revolution round OP generates an anchor ring.

Let C be its centre, and let OC be perpendicular to OP.

With centre P describe circles, dividing the circle QAR into elements ; let QR and

Q'R’ be two of these circles.

By revolution of the figure round OP we obtain an anchor ring divided into

elements,.

Let .
AC = a. 0C =c. PC=R. PQ==p.

LPCQ=vy  200P =ua
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56 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Then
== R4 af — 20 cos
Therefore

pdp = all sin i dy.
The volume formed by the revolution of QRR'Q is

2mp dp. LM.
The potential of this at P
_ 2 dp LM
a p
ald sin . (l\pZ(( sin 4r.cos «
\/{}” + a® — 2aR cos \p}

sin® A dor

= dmwa’c BT

\/{l” Jalk qufr 1 ? }

= 2

Therefove the potential of the whole ring

M [ sin? 4 dojr
o/ {1 — 2aR cos 4 +a?

where M is the mass of the ring.

P~

6

Let there be two anchor rings of different radii, but of equal generating circles,

having the same axis and centre.

Let C and C’ be the centres of the generating circles.

Let P and P’ be points on the axis such that CP = C'P".

If the densities of the rings be inversely proportional to the distance of the centres
of their generating circles from the axis of revolution, that is, if the densities be
made such that the masses of the rings are equal, then the above formula shows that
the potential of the C ring at P is equal to the potential of the ' ring at P’
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 57

§ 5. The integral

I" sin® r dfr
oA/ {R? — 2aR cos ¥ + o}

may be reduced to elliptic functions.

Let it be called I. Then

I = j T sinyrd (cosy)
— VA{R? — 2aR cos Y + a®}

— L j"cos Yo/ {R? — 2aR cos ¢ + a?} dy

aR Jo

1 F (R? + ¢®) cos 4 — 2aR (1 — sin® ) dij.

T aR)y  /{R*— 20Rcosy + a?}
Therefore
S[¥ = 9 J‘” dyr _[R + a J‘" c0s Yrdyr
T oA/ {R? — 2aR cos ¢ + a®} @ " R/ Jo/{R? — 2aR cos ¥ + a*}

or

or

Writing e« for o/R,

20 dr _ 1 TN (70 cosyrdi ‘
I= 3R_{o\/{1-—2a003\[r+a2} 3R<a+ a>jo¢{l — 2acos Y + o*}

These integrals may be transformed by putting

sin (¢ — ) = asin ¢.

This gives
dis = d {1 — ,___f‘_(fgi‘é___],
V=AD" T )
o, _acosp
=d¢ {1 T /(L — a?sin? qb)}'
Also
sin ¢ (cos ¢ — o) = cos P sin .
Therefore
sin® ¢ (cos ¢ — a)® = cos® ¢ sin®y,
cos” P — 2o cos P + o = cot? ¢ — cot? ¢ cos® .
Therefore
cos® s cosec® ¢ — 2a cos P + a? == cot? ¢,

(cosyf — a sin? )® = cos® b — a’sin® p + a?sin' ¢ |

= cos® p — o sin? ¢ cos® .

* This method of reduction was given by one of the Referees.
MDCCCXCITL.—A. I
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58 MR. I'. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Therefore
cos Y = a sin® ¢ + cos ¢ /(1 — a*sin’ ¢).
Therefore

1 — 2acosy + o® =1 + a? — 20 sin? p — 2a cos ¢ /(1 — a?sin?® ¢)
= [/(1 — a?sin® ¢) — a cos p 2.

Therefore
V(1 — 20ccos i 4 o?) = {,/(1 — o®sin® p) — o cos ¢p}.
Thus
dr de
\/(1 — 2acos Y + oﬂ) V(L= #Psin® b)
and
cos yr dafr ___ocsmgb-}-cos«:b«/(l—-ae2 1112¢)d¢
. V(1 = 2acosy + a®) A/ (1 — o? sin® )
giving
" dr ﬁ dé o
Jo \/(1——2aCOSW‘+a2) o\/(l——wsmzxp)
” cos r dnfr g sin® ¢ de
) T = Zmcosy 1 a7 = 2% I V=it ) = 4 L(F—E).
Therefore

I e R L G L)
L

2
3
Af /. \
=5 {F(1=F)+ (45}
Therefore the potential

V=%{<1—;§)F+(1+$)E}-

Now
T 1 12,3
P 2 4
I'—-Z {1+221 +2242a +&c}
and
= 1.1 12.3
— _— T A .
E-—z {1 O Tl &c.}
Substituting, we find
M 1 1, 5 12.32.. . (20 — 3)%.(2n - 1)
— — — e o 4: e g0 o Py —_—
R J[l 8% T 64 T ~ & 25 e D &c'}
1 1 1 a* 5 af 12.3%...2n—32.2n—1) o™
=M {R— SE e w T0mw Y T2 (2n —2)%.(2n)%. (20 + 2) RAwH1 T &e }

This series is less than the series whose general term is

1 w‘%n
271/‘ 1 2 H

and is therefore convergent if a = R or @« < R.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 59

§ 6. To find the potential of an anchor ring at any external point.

When o = 0, that is when the generating circle of the ring is infinitesimal, the
potential at the point », 8 is
M f " d¢ ,
a Jon/{1® 4+ & — 2¢r sin 6 cos ¢}

When 6 = 0, and » = 2, 7.e., for a point on the axis, the expression reduces to
M/x =/R, v.e., to M/R.

i’ n .rr d¢‘
cde) Joa/{r* + ¢* — 2¢rsin @ cos ¢p}

satisties LAPLACE’S equation, and at a point on the axis of the ring becomes
q ) p g

dN(_dp , 5 _ 1
<&dc> L\/(zg e (= tywrl.8.5...(@2n—1) Ty

=(_1)n.ﬂ_1.3.5...(2n-—<1).

})\)2n+1
Now at any point on the axis of the ring
1 1@ 1a 5 a 1280 (20—38)P%@2n—1) o
V=M J[’fz RS ARETYS At o (20— 2)2.(2n)%.(2n + 2) RAw+1 &C'}'

Therefore, at any external point r, 0,

voM[f o poir i
T { o V(7 + ¢ — 2¢rsin 0 cos ¢) 8 cdelon/(7* + ¢ — 2¢r sin 0 cos ¢)
at [ A\ (" de
192 <c dc> 5’0 V(7 + ¢ — 2er sin 0 cos ¢) + &e.
202 1.3.5...(2n— 3)( d \» r dé }
— 1) t+1 —_— .
+(=1) 2n 4+ 2 20.4%.6%...(2n)? (c dc) 04/ (7* + ¢*— 2¢r sin @ cos ¢) + &e.

For this series is finite at all external points, satisfies LAPLACE’S equation, vanishes
at infinity, and agrees with the value of V onthe axis. The series is very convergent,
as is seen by the next paragraph.

§ 7. The integral

d \# j‘w d¢
cTiE) 04/ (7 + ¢* — 2¢rsin 0 cos ¢)

takes a simple form at points in the plane of the central circle. For, putting 0 =1/2,
it becomes

<£}>” f:\/(ﬁ 4+ & iqSZcr cos ¢) )
12
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60 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
Now
j " a4 = SR
oA/ (1 ¢ = 2ercos ) 1o/ (7 — @ sin® )

when 7> ¢, and

— ! " dp
04/ (¢ — 7 sin? §)

when » <e.
Therefore at points in the plane of x, y, further from the axis than the ring,

y_M { f dg @ f s odd e

= ey T8l — ey
. .12.39 c(2n =3 (20 —1) 2a* r sin® ¢ dp -+ &e. }

17.8% . 2 2n) (20 +2) |y (1 — & sin? o)

T (=D (2n — 2)* (2n)* (20 + 2)

And at a point in the plane of wy between the axis and the ring
M4 @ j’ Y ke
V= T {[0 V(@ —rsin?d) 8 Jo (¢ — sin® p)t &e.

1282000 (@n — 3 (2n — 1) 20 j" B de ) &
T2 (20— 2)? (20)* (20 + 2) Jo (@ — 12 sin® gyt 1

[* The series in its general form must converge at about the same rate at which
these two particular cases do. Their convergency is easily discussed. For

s‘ g sin® ¢ dep e

< -
0 (7,9 2 sin® ¢)n+% - (,,,2 . 09>n+§

5

and 7 is > a - c.
Thus '

o (F = @ sin® )t < @ (20 F aph < @nd (20)

r sin* pdp s T

Hence at all points in the plane of the central circle, beyond the ring, the series is
more convergent than the series whose general term is

( 1y Qo 1
D20 (20 + 2) 2rarer ’

t.e., than the series whose n'' term is
1 a\*
n(n+ 1) \2¢/ "

Similarly at points within the ring, in the plane of the central circle, the series is
more convergent than the series whose general term is

1 a n o
v ()

* This consideration of the convergency was inserted at the suggestion of one of tho Referees,

August, 1892.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 61

§ 8. For the purposes of calculation, it is convenient to transform the integrals of
§{ 6 by LANDEN’S theorem.

) i - i
Yoo/ {7 — 2ersinGcos ¢ 4+ ¢} — 7 Jon/{R? — (B — R sin? ¢}’
2 : 1?]? R?
= oz A ¢ — )
R, , /\)/{1 e smd)}
_ 4
TRAR)
where
T d
F = f .A__,i’_%
, V1T —psin?¢’
and
_ R -R
R, + R’

R and R, being the least and greatest distances of the pomt r, 0, from the circular
axis of the ring.

Now,
AdF __d¥F du _ E — p”F du
e Tduede T pp® ede }
and re
W _dEdu _B-Tdu |
ede (ly, ede ™ u ede
[CavrEy, ¢ Ell. Funec.,’ p. 48.]
But
R? = #* 4 ¢* — 2¢rsin 6.
Therefore
AR e—rsin@  4e¢* 4+ R* — IR}?
e — R T 4R
Similarly
AR, _c+rsind 42+ Rp —I®
de R - 4cR
Therefore
dR, dR aRr, dR
m _ (R1 +R)< B T o >— (R, — R)< + 7§>,
Ry + R)?
dR, dR
=9t 5 ~ Mg,

_ R —RR 4 RP — 4
TR 4R 2RE,

where i is the angle between R and R,.
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62 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Hence

L2 f e A
cde Joo/{r* — 207 sin 0 cos p + ¢}~ ede \R + I}y
__+ Rl _4F o ¥
{E COS Y — = - COS 75}.

Differentiating again we shall find

@ j d¢
cde) Joa/{r* — 2¢r sin € cos ¢ + *}

E (R_—_I-‘B) 3 2e? 1
= ¢RR, {2 cos®  — 4 cos ¢ + R, cos 21//}

o2
54 8 cos y — cos®  — 4 cos® fy — —[%; cos 2\#}.

F
tam i 1°

Therefore, at any external point,

4 1
— o s — 3 ~
p ‘;5 -+ 8 cos Yy — cos® P — 4 cos® y — RE, cos 21 ‘

vy

where 1 is the angle between R and R, and the modulus of the elliptic functions is

I have calculated the value of V, retaining only the terms

4F @ ¥, E®R+R)a
12 2 1,
R+Rl{1 8 g 008 2} R sk 0¥

for the values
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 63

and drawn the equipotential surfaces. The method consisted in drawing circles of
known radii, with centres, C and C,; and finding the value of V at their points of
intersection.

In the most unfavourable case, where a = ¢, the value of the potential is not more
than three per cent. in error at any point, the introduction of the terms in o*/ct
reduces the error to less than one and a half per cent. When a < ¢, the approximation
is considerably nearer.

Fig. 1.

-550 -

681 o

1640 -

707 +
725 1
780 T
817

857

894 1
928 -
960 -

+985 1

0 lolo ro71 M4 176 1270 € 417 785 640 581 5E0 L
Equipotential surfaces of ring formed by the revolution of the point C about Oz.

If Mass =M M. o
and OC = } Then ry is taken = 1.
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64 MR. . W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
Fig. 2.
z
705 -
T77 %
854 1
924
976 1
1% f t 1 1 ¢ +
995 1005 1039 o[kl 1158 : -349 <705

Section of Kquipotential surfaces of the ring formed by revolution of shaded @ round Oz.
Mass = M. OC=c.

and -IVE is vaken = 1.
c
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MR, F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 65
Fig. 3.
z
527 t
577
635 +

700 1

<771 ¢

845 1

wd

990 o2l 1078 -855-777 711 -655 Z

912

Fig. 4.

B24 +

S72 1

-628

692 1

*759

+830 +

+892 1

939

‘953 -964 -998 c <714 <659 ‘64 574 540 B0 A

MDCCCXCIIL.—A. K
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Section I1I.—Electric Potential of an Anchor Ring.

§9. The potential at any external point may be taken to be
| AT 4 a?A,T, + atAgT, + &e.

For this is a solution of LAPLACE’S equation, finite at all points outside the ring,
and vanishing at infinity.

The constants are to be determined by the condition that at the surface of the ring
the potential is the constant V.

Using the expansions of § 3 {A.), we have that at any external point

21—1t 1 4360 + 51

} A0t 55

£+

Ve A {l+ N 1081 + 27 }—I—Azo' {2z+3 12045,

2048 4 + 128

I+1 9 4+ 3 3 120 + 11 9
-I-COSX{A1<J; S s )+A <1+ — = >+A30'4Z;}

i 3+ 2 200 + 41 120+ 9
+ cos 2y J[A1<) 1: s* 2;6 33‘*>+A20- < + + 9>
5
+ Aot <;§ + 3 > 4 A40'6s’2}
5l + 2% '

+cos3X{A1 TS L A0S Aot + A }

1 6
+ cos 4x { 1 ””1634“" o Aye® 135 8 Agot S + Ay 92 + Ago® s“}

All terms have been retained which will, when R is put = « or s put = o, be of
the order o

s being put = o, after differentiation.
Therefore

av . 277L 12n -1

+0'cosx{ < +‘_77} 2>+A2<—1-|-—>‘—_10-2>~—%A30'2}

6x+1 10?»—%

+0'20082X{ —+ 3 0'9>—|—A 127\+

27, — 10A4a2}

15X 2

+O'SCOS3X {‘A‘l + +A2’3‘2'—'A3}%:'—A456}
140N + 104

+ ot cos 4y {Al Iaj’:jf" + Ay — AL — 241&5}'
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68 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

. .. 1 AY
The density at any point is — i

1 av
*Eﬁgﬁds

= — rrrﬂ—l— @_\I@ — acos x) a dy dé

0o Jo 47 dn

The charge

ac [ dV
j'o %(1 —_ o'cosx)dx
== 7TA1.

This value is evidently correct, for the potential at a great distance is A;J, or

j’ ™ ded A
oA/ + ¢ — 2crsinfcosp 7

Putting s = o in the expression for V, we find

A, = — A, <7\ ; 1128 +613x 8 o-2>
By= — 4 (J5 = RS o)
A=A 7\1;8%

Ay =— A %pﬁﬁ .

Substituting these values we find that

v, = %_1 {}\ Lo— A2 +1E? + 5 o + 1920% + 4162;42 448\ + 171 ot &c.}
and
_ 5;% — 4%;{1 — <2x2+ l_ 247\;: ! 0'2><~(§ -+ o cos X)
— (8)”1;" 1_ 360 41' ;; +19 02> o® cos 2y — 1—6%;2 o® cos 3y — ‘11'(%;—& o* cos 4X}'
[The capacity (g)
= 7A,/V
_ m/{)\ Lo %y"ii%?‘"ij o2 19228 4+ 4163904-; 448\ 4 171 04}.
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When

me

o=1 A = 23820 n = 43820 — *0286 - ‘0003

c=2 \= 16889 7;“ = 36889 — ‘0798 4 0022

o=13 A= 12834 7—;5 = 32834 — ‘1229 4+ ‘0073

me

oc=4 A= 9957 Y= 2:9957 — ‘1691 -+ 0152

A A

c=5 A= 7726 %f" = 27726 — 1818 4+ 0260

The numbers are given which arise from each term, as they serve to indicate
roughly the convergency of the series.
They give

SOCIETY

g= 7216c for o =1,
qg= ‘8700c for o = 2,
g = '9917¢ for o = 8,
q = 1-106¢ for o == 4,
q = 1200c¢ for o == 5,

OF

which agree with some figures given by Mr. Hicks in the ‘ Phil. Trans., 1881. Aug.,
1892.]

Section 1V.—Motion of an Anchor Ring in an Infinite Fluid.

§ 10. All cases of motion of an anchor ring in a fluid may be found by
compounding
(i.) Linear motion parallel to the axis of the ring.
(ii.) Linear motion perpendicular to the axis of the ring.
(iii.) Rotation round a diameter of the central circle.
(iv.) Cyclic motion through the ring.

)

y
S

Let @ be the velocity potential in cases (i.), (ii.), or (iii.), and ¥ be STOKES’ stream-
line function in cases (i.) or (iv.). '
Then (a) ® and ¥ are single-valued functions ;
(b) They and their differential coeflicients are finite and continuous at all
points of the fluid, and vanish at infinity ;
(¢) ® satisfies the equation V*® = 0, and ¥ satisfies the equation

SOCIETY

OF
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70 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

(d) d®/dn has a definite value at the surface of the ring ;
¥ has a definite value at the surface of the ring.

The different cases must be considered separately.
Let the figure represent a section of the anchor ring through the axis Oz, at an
azimuth ¢.

¥

Let P be a point on the surface and let £ OCP = .
(i.) When the ring moves parallel to Oz, with velocity w ;

9 — wsi
oo = wsiny.

(i1.) When it moves parallel to Oz with velocity u,

dd

— = == U COS Yy COS O.
dn X d)

(ii1.) When it rotates round Oy with angular velocity w,,

e

— == — Co, 81N vy COS .
dn P2 X ¢

The stream function for motion parallel to Oz, with velocity w, satisfies at the

surface the equation
(i) Y=C+ 4w (c— acosy)

For the cyclic motion,
(iv.) ¥ = C at the surface of the ring.

The formulse of Section I. show that we may take

— A 2 7y 1 4L - :
D = {A] o + Ay » + Aga = -+ &c.} in case (1.)
& ={AJ, + Ay)®J, + AgatJ? + &ec.} cos P in case (il.)
1J 1J, dd, ' .
P = !Al t—[izfl— + A? %éj“ + Ayt S &c.} cos & in case (1iL.),
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 71

and that we may also take
¥ =rsin 0 {AJ; + Ay?T, + Agatd; + &e.} in cases (i.) and (iv.).

A, A,, &c., are constants which must be found separately in each case.
§ 11. Motion Parallel to the Axis of the Ring.
Let the ring move with velocity w pamllel to its axis.
The value of the normal velocity is w sin x at the surface of the ring.
At the surface of the ring R = a.
Let 0 = a/c = value of s or R/c at the surface of the ring.
Let N = log 8¢/ — 2 = value of / or log 8¢/R — 2 at the surface of the ring.
Let us assume that

dl 1,
e=A "1+ Azazfd“

dl
3(1/4”(‘;3 + &e.

Then A, A,, &c., are to be chosen, so that

dp :
5, = wsinx,
e,
d¢ _
oy = ow sin y.

Differentiating the formulee (B) of § 3, we find

dl, 17. 4] + 6l + 3
ds <dz> = g‘sz{sm X < sin x + % sin 3x> §%— ( 35 sin 2y 4+ ¢ sin 4\(> s3

180 +3 . 56()_Z__—}—ﬁ18§ in Sy 4 OS5 4
— | 256 sin x + 9048 n 3y + 3%% sin 5X>3 &c.}

6%<%If)= L {2sm2x+( sin x + 1 sin 3x) s

cts
120+ 1 . :
- < GZ L in X + % sin 3y + 3z sin 5X) §* — &c.}

d (dI 21 , . ‘
%(ﬁ) ot {3 sin 8x + (§ sin 2x + % sin 4x) s
4+ (15 sin x + 35 sin 3y + & sin 5y)s® + &C‘}

i<%>_3 {4s1n4x+ --81n3x+4sm5x) + . }

d [dl 4'
%(?{;) 10568 5 sin 5x.
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72 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

At the surface of the ring s = o = a/c: and we have the following equations to

determine the constants :(—

dh + 1

Al(l'— 39 0.2_187“+_§ >+A( _1__2_)»_“-4*_1‘ )+A 4 — o?cw

256
A1<—- 9%’53 0'> + 24, + Ay502 =0

360N + 183

A1<.*_§7__§64§__ )“'A( ;%) 4+ Ay (6 + 150 + A, 08

— A+ Ay 24A, =0
— P A s A, A+ AL+ 120A, =0

These equations give
4x+1 ey v —93
{1 4 -+ 1091 o }OL cw.

I3+ 1
128

A, =

o2a’ew.

1 360 5
hm (1 BT )

1
—_
A= 352 oW

5
A, = on afew.
Thus

dl 128 + 1 dr,
2 1 -2 42
o-+"'>dz+ 193 o-o&dz-l—.

D = oﬁcw{(l e i
The kinetic energy is given by the equation
' ad
2T = —p ” D Tn ds
2
= —-pw27r§ (¢ — a cos x) sin x ® ady
0

2m
= — 2wpacw j’ <Sin X — ;)‘ sin 2x> D dy
0 d

ac IN+1 6 +9 .\
22772'05’7710{ <1+ 7 = 356 02/\+A2"2<7‘1?+ 64

4)»+1

162 + 8\ — 23
=M’w2{ 4+ ha 0'4-1—...}

P
+ 512

where M is the mass of the fluid displaced.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§ 12. Velocity Potential for o Ring moving at Right Angles to its Awis.—The

velocity potential @ is of the form
AT, 4 Ayd®J, + AgatJs 4+ .. .3 cos ¢

The constants are to be determined from the condition that the normal velocity at

the surface of the ring is — u cos x cos ¢.
Thus

a®

aRr

a®

—— == =— CU COS Y COS .
ds X (]5

= — 1% COS X COS ¢

Now the formulee (C) of § 3 give on differentiation

‘_l_‘Il 1 {—2 /30 — 1 6l — 11
ds cs

_’“—1"‘”2—3"0‘5)""& VI T

997 — 30 1
+<~——— X + E)L~~~~cos3><> s3

Cos 2X> s

64

1357 — 2% 2407 — 4207 — 809
el = OUY , 4
+ < 158 -+ 192 COS 2x -+ 5073 coSs 4x> A I

1] 1 4] +
Lﬁ:f‘q—é{—cosx—g-—<~ cosx——33—2cos3x>s2

ds ¢ 32
+ <12562 1 1218; 13 o5 2 -+ ofs cos 4x> §
%%":—6:51;;5{—— 2 cos 2y — <%cosx—]—;i—0053x>s———~sg
+<_ @12——4192 cos x + %5 cos 3x + 13 cos5x)s3 -+ .. }
%—L — 6 cos 3y — (10 cos 2y + cos 4x) s
— (5% cos x + 3% cos 8y + % cos 5y) + .. .1
AR 1
7 = g o 24 cosdy — (F§Fcos By + §cos5x) s — ... 1.
dJg 1

T = i t— 120 cos 5y —. . 3.
MDCCCXCIIT.—A, L
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74 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Therefore, the equations giving A, A,, &oc., are

1858 — 27 ° ( 122 — 1

M(— 1P e T o R At (= ) = Ao =,

A2 9 —30 17 B —15
1\2"' oo o)t A~ 59 T s @

0
+ Ago? <—z——20ha1 70'2>—-——A0' = — cu.

6p — 11 240N — 83 12: + 13
A1< 16 + 192 0'2> _.|_ A_20'2 (_ T) — 2A3 —_ 100'2A4 = 0. >

158 — 28 105n + 61
T+A2<+3—3—2————2-5—5— >+A (— 4 + 5%

+ A (—6—1o") =158 0* A, = 0.

A

420N — 809

A0

Ay — A, — 244, =0,
2%)94_5-8 A2 + 'i"g“s‘ A.3 ’“‘" .A.4 2 A5 - 120A6 = 0. J

a®\

12n + 1 o | 48\ 4 344 + 159 |\ o
Az’(“"T""’ 1024 o)

I +T 5
A, = — TR

I 200425 o\ ,
A"ﬂ“<64— Fry) a>cu.

1
A, = sl cu.

~

o 2
Ay = 1 €

The kinetic energy is given by the equation

2T

i

d®
~{[e 5 a8
=rwrw{A1Jl+Aza2J+.. .} cos ¢ u cos x cos ¢ (¢ — a cos ) & dx d
0+Y0

= wacu{ AT+ }{cosx z ; cos ZX}OZX.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 75

This is evaluated by picking out the coefficients of cos y, &ec., in the expansions of
J, Jg &e., given in § 3 (C), and

o NS 200417 4 | 18 +29
-—!wau{A1<— 5 o+ % + Ao 59 G+W256 o

+A;fab+ A, ~‘—0'}

Mu? 120+ 5 o 1440° + 24\ + 57
2 {1— 6 ot 512 "}'

§ 13. Ring rotating about a Laine through ts Centre wn the Plane of its Central
Cirele.—The velocity potential ® may be taken to be of the form

/ AR
{AIE—J—l—}- Azagﬁi]f .. .}cos ¢

dz dz

The constants A, A,, &c., are determined by the boundary condition

adb .

—d_ﬁ = = Cwy SIIl X COS Sb,
or

dd .

= c®wy sin  cos ¢.

Diﬂ’erentiating the formuls (D) of § 3,

N1 1211
d @) = o x (T sin x — gy sin 3
18/ +1 . .
+ (—3—;~ sin 2y — &% sin 4X> s3
90l — 3 . 10800 + 9 . s
+ ( 256 SN X+ gpqg 8N 3X ~ dois sin DX> SQ}
a /dd, 1
= <—.cﬁ> = = {2 sin 2y -+ (£ sin x + 1 sin 3x)s

350 — 5
+ ( P sin x — 35 sin 8y — 135 sin 5X> $ 4.

——

d (dJ , _ _
ds <(dz> - J {6 sin 3y -+ (5 sin 2y 4 sin 4x) s

ds

+ (%" sin X + 1% sin 3y + %5 sin 5x) 87 4. . ]
d [dJ
@(ﬁ)— 55{24 sin 4y 4 (82 sin 3y + ¥ sin 5x) s + . .
(a1 50
ds <dz> = 5 120 ¢1n 5X+ .
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76 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

The equations to determine A;, A,, &e., are, therefore,

A41+1ﬁ +9m *)+AN%% %@:5&)

64
F A0t Ll = — 2w

A 1%;11— 2 4 24, + 5Ay 00 =
1080N + 9
A (“ SR 2>+A2(%— 125 09) + A (6 + 15 0°) + A o =0

— 105
2048

— & A+ A 4244, =0
T —res A+ A YA F120A; =
These equations give

2A—1 i 1440% — 168\ + 21
32 7 1024

A1=-—<1—

4 2.2 .
P

36N + 7
A, =+ 98 - 0% %P wy ;

42N + T34
— 1 GBI X N Y. .
Ag= — <m_ — L o.@) o, ;

The kinetic energy is given by the equation

2T=—ﬂq>%%’ds

2m 2w \
—_—f f cwzsinx(c——acosx)< dJ1+A2 d ...)coszqso&olx
0 J0 72
e a dd
— 2 : _ 9 1
= maco, L (siny 5 sin X) <A1 il ~)dX

mn 1 14402 — 168\ + 21 190 4+15 . . 6A+11
— 20253, 2 — 2 4 — Ak 4
= T C 0, {(l + 1024 ><1 59 O + 956 C

360 + 7
~ Ot e Tt g g

c%g‘z{l'1_‘{h+702+18k9—3h+504~ }
16 64
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 77

§ 14.—Stream Line Function jfor o Ring moving parallel to its Axis, and for the
Cyclic Motion through the Ring.—Let the velocity of the ring be w, and the circula-
tion be .

Let ¢ be the stream-line function.

Then
Py | P Ldyp
dz? ds® wde

at all points of the fluid.
At the surface of the ring

Y — Lws® = const.,
or

¥ = Ax + wc? (B - a-cosx—|-?:cos 2X>.
We may therefore assume s to be of the form
{Ad w4+ Ayl ym + Agedom + .. L3,

Using the values of J,=, Jyw, &c., given in §4 (E),
The equations giving the constants A,, A,, &c., are

M+ 5 120 + 11, o(2A—3 | 20A 447
<)‘+ 6 Ot o © )+A2"< 7 T ")

+ 850472 = = Ak 4 Bue?

A1 S+ 5 2 1
() A= ) et

128 + 17 S+ 1
A1< 16+m'7_68—— 2>+A2(—%'" 64 "2>+A3(1_ o) + 2840° = 726

M—1 A,
192 ”3‘2‘“”+2A4"0

A IBAN—=8 A A A,
— & 3072~ 128 32 +6A = 0.

A

Another equation is found by using the fact that the circulation is «.
Integrating round a circle concentric with the crosss-ection (radius < ¢), we have

Rdy

Y24
d QT
- S R R P 7%


http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

1\

[ Y

/J
A

\

P

/N

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

78 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Differentiating the equations of § 3 (E),

cos 2X> §?

d 1 { T+2  2-—1
Ei]{(le)"'R{_ 1 —2SCOSX+<

- 16

9 + 12 3 —2 5 3 4+2 6047 60l —47 N\,
+< 61 OSX — T cos3x>s +<128 + 96 cos2x—~————3072 cos4x>&}-

d : 1 s 200 — 3
@(sz)zgﬁé{_cosx_éh< ““‘COSSX>

200 + 3 3l —
+<06-;O — 16lcos2X————cos4x>ss—|— l

d ] - 0,
E(J?,m) = g i — 2008 2 — (7 cosy — fcosBy)s — L2, ...

Also
1 1
(] — -1
c-——RcosX“_c(l s cos x)
1 ¥ 3t s 3¢ DBst
== 1+§+~~§+Zcosx2(1+ +—~>
+ 2 cos 2y (1+32)+200s3X8+ }
"Therefore
o d Rdx ___?_»F $? Byt I+ 2, 9 3+ 2 4
.[dR (1w )o,—RcosX— ¢ {<l+2+' 8 +'“)<1“ 1 ¥ T 18 8)
s 35 9+ 12 ,2) A-1, ¥
+4<1+4><l_ 52 o)t o S
_
- c
Similarly
27 d R dy 2r
-L dR(JQw)cchosxmc—3
2 d R dy 27
—L dR(sz)(}——RCOS)E_ r
&e.
Therefore
2 A 4

2 5
= AL + Ao + 8Ay0% + &el.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 79

Thus we have, in addition to the equations above, for the determinations of
A, A, &,

A+ Ao+ 3A 0t + &e. = g—:; .

Solving the equations

A, = wo 2(1 42T ‘D” + 1 O.z) + :2"_’70; (1 - 7%& 2 4)‘2"1(1517”;’_‘_6 (,4>
A= — (1+4x9;~15 2>+%<x;1+4x?—217\——180_9>
om0 e

A= —w g %%2;41—0

Substituting these values we obtain

D248+l , 2B+ +EA—4F

A= Zw{)‘ I 64 ‘T}
MA+3 | N EB—2
—_— 2 4

The kinetic energy is given by the equation

I

@ aR

A (B — 2
— ng &+ we*( o'cogx+ - cos X) i
0

c—acosy ;ﬁ%;“dx
o 2 14d
= 'iz'Pj0 {AK+’&002< —%_%)}( w(ﬁg) ady
mpacw (*

4 dapr
— 5 L (1 — o cosy) TR d
= pAK +7rp02< -—2——-—::2>Kw

A+ 1 SA+5 .\ . 200+1
o1 =2 g%ﬁ—%~£lé+MM1

' 2 2 —
_ WP{AKQ_*_Csz(B_%_%_F CA41 AP+ —2

o=

4

o T 64 '
+ wicbo? <1 + 47&1'2; L 0-2)} .
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80 MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.

The coefficient of «w vanishes, as it necessarily should (Basser, ¢ Hydrodynamics,’
vol. 1, art. 171), and the kinetic energy of the forward motion and the eyclic motion
is given by

2T = Muw 2(1 + 2Ly )

grx + 8+ 1 o — 2N 4 OA® 4 6N — 43 4 *
—|—pkk\ 16 o 0'+...).

The first part of this result agrees, as far as it goes, with the result of § 11.

§ 15. As the cyclic motion through a ring is of considerable interest, it seems worth
while to give other proofs of some of the above results.

To find the circulation we may integrate the velocity along the axis of the ring
from — oo to oo, and then along a semicircle from o to — oo.

Y= {Adw+ A Iy + .. 1F
dyp

The velocity of the fluid at any point on the axis is the limit of :; 7o » Where @ is

indefinitely small.
Consider the part arising from the term A,J,= or

A " @ cos ¢ dep
1) V@ + o — Zovcos + @)
0

A d @ cos ¢ do
It = linit Of 5 A (Z + & — 2w cos ¢ + )

_ ™ A @+ & —wecos )
limit of S (# + @ — 2mccos ¢ + &) 1 008 ¢ dp
0

= limit ofS -—~(‘—"‘—+ a1 - f%%?) (1 + e ) cos b deb

— '7_1jA e
@+ )

We may notice that at the centre of the ring this

* Ag we are only considering -the cyclic motion, only the parts of A;, A, &c., which involve «, are
denoted by these letters now.
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MR. . W DYSON ON THE POTENTIAL OF AN ANCHOR RING. 81

Again, the part of the velocity of the fluid arising from the term A,J,= in the
stream function along an arc of a very great circle whose centre is at the origin, is the

.. 1d
limit of — - (AJ\w)

T A, (7sin 6 (¢* — o sin 0 cos ¢)

= limit of — 7 sin 0 .( o (7% + ¢ — 2¢r sin 0 cos $p)} cos ¢ dep
__mAgcsind

- 9 e .

Therefore, the part of the circulation rising from the term A J,= of the stream
function is

™ qr Aycsin 0

dz+f02—;; rdf

r A
o (& + A

2
___.IAl_
[4

. d o . , : :
Now the part arising from A,0%Jym, or — A,0? — (J1=), is obtained by differentia-
tion with respect to ¢, and

f— A2002 2_71' .

3

- Therefore, the circulation is given by

271'[ 1
K= — tA1+A20'2+1.3A30'4’+ 1.3.5.A40'6+...},

[4

agreeing with the result already obtained.
We also see that the velocity of the fluid at the centre of the ring is

A d 9
T A <7T-)+ =T A+ 207, + BotA .

cde \c?

The kinetic energy of the cyclic motion may be obtained simply in the following
way—

2T = p HK%dS,

the integral being taken over a barrier.
This

= p”n ! d\i’mdwold)

& dw

= 2mpk [%: dw

2mpk (‘/fn = ),

MDCCCXCIIL.—A. M
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82 MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.

where {5 denotes the value of ¢ at the surface of the ring and ¥, at the axis. This
result applies to the cyclic motion through a circular ring of any cross-section.

We have taken s, to be zero, and called iz, A : so that we have T = mpk A.

The Linear Momentum of the Cyclic Motion is parallel to the axis of the ring and

=p ”!’ dwwdm dz dé

the integral being taken all over the fluid.
This integral

= 4mp rodz j(ék dw

A I -
R’ R
A [Se]
(LN
.0 [
We have taken i, = 0.
¥ is constant on the ring, so that
llIRI — IPR = O-

Therefore, the resultant linear momentum
= 4mp [ Y, dz,
0
where 1 means the value of s at an infinite distance from the axis.

Consider first the part of ¥ arising from the term A,J,w.
This is the limit of

A J’" @ co5 ¢ dp
Ly V(@ + @ — 2wccos ¢ + w?)
where = is infinite.
This .
. o] wCe COS
— S d
Mo [+ S s 1
T cw?
= Al §(w9+ 2
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MR. ¥. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 83

Therefore the momentum of the cyclic motion is

dmp 5 < A—-—A‘if--—13A -+...>
= 2r%c{A — Ay — Ajo* — 1.3. A, 0% —1.3.5.A, 084 ...}
= 7KpC {1—()&—{—])0‘2—&—'.3—;7\—_‘204—-&0.}.

§ 16. The cyclic motion might have been started by applying an impulsive
pressure «p at all points of the aperture of the ring, this would produce an
impulsive pressure at all points of the ring. To determine this, the velocity
potential of the cyclic must be found at these points. It is easy to find an

expression for the velocity potential at points not fur from the surface of the ring.
For

ae 1 dy
Rdy —  ® dR
1
A, ! I+2 20—-1 2
cR(l—scosx){l_l_ZScosx—( 4 16 ‘3082X>‘S
_ (%412 3l —2 3' 3
g4 COSX = —grcos3x )s
3+2  6l+7 — 47 )
(128 T e 082X — 5072 cos 4x) s }

A 207 —
+02R2(1jSGOSX){ + +( COS)("""'_“0083><)32

_ (200437 3l—1
64 16

oS 2y — gz COS 4X/ s°, &e. }

Agat

+ s (1 — 5 cos )1 2 cos 2 + (Fcosy — 4 cos 3x) s — L4257}

6
A

+ ARE (L — 5 008 ) {6 cos 3y + (8 cos 2y — cos 4y) s} + &

1
Expanding Tp——" in ascending powers of o, and multiplying, d®/dy is easily

expressed in cosines of multiples of y
The term independent of x is /2
On integration, we obtain
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84 MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.

<I>=const—|—§%x

A [/1+2 6/ 5 .
B3 e (5T

. 384
Bl 4 350+ 204, , .
| T 5 in 8 1094 sl 4X}
Ao 201 + 3 :
4 2T {< 1+ + 7 2> Sln + ( - 16£6_;*%¥ 3> sin 2y

+ % $%sin 8y + 155 $®sin 4X}
{ tssiny 4 (1 + §5%) sin 2y + 1 ssin'3y + & s° sin 4x}

0232

Aty
3

{lgl ssin 2y + 2sin 3y + % sin 4X}

This holds only at points not far from the surface of the ring.
At the surface of the ring s = . Substituting the values of the constants given
in § 14, we find that here

K 2 + 3 8A* 4 26N 4 11 o3 16n + 15 , .
O = 277{X+< 3 o+ 7 > +——— o’ sin 2y

BT +49 o .
-+ 192 o-sméx-l-&c.}.

This gives the impulsive pressure at any point on the surface of the ring.

The momentum of the cyclic motion may be deduced.

It
= (c—a) ;cp—”(b sin y dS

= mkp (¢ — a)® — Zwo&j ® siny (¢ — a cos x) dy

2w
= wkp (¢ — a)® — g—ichw jo (siny — g sin 2x)

A+ 3 A% 4 260 + 11 167\, 1 .
<X+{ ;- o+ +64 + 0'3} ny -+ + Oazsm?)()olx
- c? 2N+ 3 A% + 260 + 11 168 + 15
:’n’Kng{l—20’+0‘2+<20'—”2‘>—0'2< 5 + ol 0-2>..|__._621:~‘0.4}
' . , -2
et {1 = o BB L

which agrees with the result already obtained.


http://rsta.royalsocietypublishing.org/

A A

L

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

JA \

A B

%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 85

If the cross-section of the ring is very small

KC
A1:2_7'T

and

® = const + {x+<l+2 +Sl;4233>sinx+<62+7 +12;L7 >sm2x

50+ 4 351
+“§§’33 sin 3y + W%(')—ézus*sm dx + .. }

But in this case ® is proportional to © the solid angle subtended by the ring at

any point.’
Hence the solid angle subtended by a circular ring at a point near it is

1+2 | 3142 4\ . 6L+ 7 5 16047 4\ .
2{77-—-)(—( 5 s+ 6l s)smx_ < s* + agi S smzx—&c.}

§ 17. The kinetic energy of the fluid has been calculated for the different motions of
the ring. To find the kinetic energy of the solid ring, its moments of inertia round
the axis, and round a perpendicular to the axis through its centre must be found

Let p’ be the density of the ring, and M’ be the mass of the ring.

The moment of inertia round the axis is

['[ 2me’ (¢ — B cos )P R dR dy
040
= %' [ (& + §R) R R
0
= M (& + £ a?).

The moment of inertia round a perpendicular axis is

[ f"zwp' (¢ — Rcos y) {(“—"-132-00—”)—2 + R?sin? X}R dR dy
0

= M( iy a2> 4+

=M <f2- + —g—oﬂ) .

§ 18. Therefore, p being the density of the fluid, M and M’ the masses of the fluid
displaced by the ring, and of the ring, respectively, the kinetic energy is given by

2T = P (v + v*) 4+ Ruw? + A (0® 4+ o) + Cos? + Ki?,
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86 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

where

120 + 1, 1440 + 240 5T ,
(1"' T 512 of) + M,
\

4n + 1 16A% + 8\ — 23 ,
1+w~ﬁ+wmm«iﬂ+M,

c? 190+ 7 2 18N — 3N+ 5 4 , ¢ 5 9
<1—TU -t _«64: g +M2(1+7€‘7)’

C =M (1 + %),

AN+ 8N+ 1 AP 4+ 2+ 6N — 43
K= pc ()\ —_ _)f___,;,,___t_ 2 + I+ ) 0_4) ’

16 4 64
Also the linear momentum of the cyclic motion is given by

AN+ BA — 2 Q}
32 o

§ 19. The motion of a ring in an infinite fluid is discussed in Basser’s ¢ Hydro-
dynamics,” vol. 1, pp. 196-208.

It is there shown that if a ring be set rotating with angular velocity o about a
diameter of its circular axis, it will make complete revolutions if

Z = 71'02Kp{1 —(AN+1)o*—

R
AP(R —P)’

,ZNK:?C:.
< AP (R —P)

Putting in the values of the constants, a very fine ring will make corﬁplete
revolutions if

w>27
but will oscillate if

® - 2p

ma? Voo 2
o < »f; \/ ZP N
e p+ 2

A possible steady motion of the ring occurs when it moves with velocity w parallel
to the axis, and has also an angular velocity Q round its axis. It is shown that this
motion will be stable if

022
(Bw 4 Z) [(R = P)w+ Z] + [ P

is positive. '

and will oscillate if
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Substituting, we see that the motion will be stable for any value of Q if

e _kep
(w T mg) <w T ora (p+ P')> >

Therefore the motion is stable for all positive values of w, and for all negative
values numerically less than
G
or numerically greater than
KC

Ta?

The motion is stable for values of w between these values if

20 (p + p')? e Ke
e . PP TP) Ko Sk P
R T (w + m) (w Vo 2+ P’)>'

The greatest value the right-hand side can have is

¢ p (3p + 2p')
2 at I’z ’

Therefore the motion is always stable if

M p(3p +2p (3p + 2p)
7r(¢2

Another possible steady motion of the ring is for it to move round in a circle, as if
it were a rigid body attached to an axis in the plane of the ring. Mr. BAsseT shows
that if T be the time of a complete oscillation, and # the radius of the circle described
by the centre of the ring, then r = T/rm.Z/R. When the ring is very fine this
becomes

Section V.— Annular Form of Rotating Fluid.

§ 20. In order that a surface may be a possible figure of equilibrium of rotating
fluid, it is necessary that V + £0%® sin® 0 should be constant over the boundary.

Let us assume that p = a (1 4 B, cos x + B, cos 2x + B3 cos 3x + . . .) is the
equation to the cross-section of the annulus, and that 8, B, &c., are small quantities.
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88 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

K
0 g/

Then, by making C the centre of gravity of the cross-section, we obtain the
equation 8, + B8, + B.Bs + . . . = 0; so that B, vanishes compared with B,

We shall show that B, is of order ¢ B; of order o3, &ec., where o denotes a/c, and
is taken fairly small.

To the first order of the small quantities B,, Bs, B, the potential of the ring is the
potential of the solid ring » = a, together with the potential of a distribution on the
ring of surface density a (B, cos 2x -+ B; cos 3x + B, cos 4y), it will be most con-
venient to find the potential in this way, and take account of the terms arising from
B,* separately.

X
N,
Y

Y NG

§ 21.—To find the Potential of a Surface Distribution af3, cos 2y on the Ring at
a Pownt on the dxis.

Let
200Q=x: 20CP=u0a: LPCQ = ¢.
OC=¢:0Q=0a:CP=R.
Then
. o [ (¢ — @ cos ) By cos 2y
V= 27r0{?!0 A/ (R? — 2R cos ¢ + a?) ¢

92 2 2w
— .mgﬂ“"[o {cos 2 (¢ + ) ""2%003@’4‘0‘) _%0033(954'“)}
{1 +%PI+%P2+&0.}(J¢
= 2'7:-05_%%3_2 Kw{cos 2¢ cos 200 — (2—7005 ¢ cos @ — g cos 3¢ cos Sa}

{1—]—%1)1—}—%;—]?2-{- ...}dq{),
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since such integrals as

!wsin 2 P, (cos @) dop
0

vanish. Therefore

27ras ¢

V=

B, cos Z(xi- {lj, cos 2¢ P, + = 1‘4 co% 2¢ P, 4 Pf ooq 2¢ Py -+ . }dq&

+ %ﬂ_ﬁ B, cos exrﬂ{—— T 2 cos ¢ P - I" cos ¢ Py — .. '}Cl‘f’
ol

2R
27:'@ ¢ g
— 3, cos Saf PS cos 3¢p Py — = ﬁ cos 3¢ P 5} de
2% a < ab
-—-Bﬁ RWCOSZ {4: P2+‘ﬁ;'iﬂ+%%%ﬁ+ }
2mia’c o 17 o
3
2T R 2 {R+8P’*+ }

the integrals being found at once by using the expansions of P, P,, &e., in cosines
of multiples of ¢.
2¢? 4¢3 3¢
Substituting now for €08 &, 1 — 1 for cos 2a, T h for cos 3o : we find for the
value of the potentlal

a?

1 ab?
V=27T“20/82{_%f“+( a?c® + % )P., _“_‘aa‘CzR? 25%”@5‘{' &C-}

Similarly, the surface density af;cos 8x gives

and the surface density af, cos -4X gives

V = 27a%pB, { ﬁcff}

§ 1o
MDCCCXCITL.—A. N


http://rsta.royalsocietypublishing.org/

A

\

A
ya

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

/

AL

/,

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

90 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

To find the part of the notential tnvolving B2

™.

NN

AN

e

7] ' c
The potential of the ring at P is given by

2 rop
— Ird
V = (¢ — 7cos x) rdrdy
S 52 VR = 2Rrcos ¢ + 1

2
— ot P 1 (et pt pricos ) .
w277g {<2 ) COSX>R+ 3 -am4cosx e +"'f”’X'
0

=a(| + Bycos2x + . . .),

0

Now
therefore

pPr=a? {1—}—232005 2x -+ . F%?+

3 3 ‘
PP =a® {1 + 3B8,co82x + ... -+ 62 + 62 cosdy + .. } )
&e.

Therefore, the terms which will give rise fo terms of highest order in B,* at surface
of ring are

2m
?wcﬁcﬁggg { iR + 5 mq 4y P, (cos 4(/))} dep
= 2m%a%c,? - ! 4+ & 88 cog 4a£¢i
R PTLE E

pp
= 2202y} {21) RS I{E’} '

Collecting these resnlts, the potential of the ring at P is given by

v 1 2 ac (c e o?
303 Bo *oi . 35
a]{(; { 1024 —goBy+ 2331’ + RY {—4fot— 5607 By — §50Bs + 5B+ 596y}
-+ &ec.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 91

§ 22. The potential at any point external to the ring whose polar coordinates are
r, 0, is found by writing

i @ X
w)on/( + & — or sin 0 cos $) © G
instead of 1/R, 1/R3, &ec., as in Section II., § 5.
Instead of 1/R, 1/R3, 1/R%, &c., we write
L oL L 1 I
a7’ o’ 3’ 35w’ 3.5.77 "

Therefore, the potential at any point outside the ring is given by

v
oy = = A1 4+ Ayacl, + Aza’c® I + &e.,
where
2

A, = é( 1074 %0132+%,33>
— _ B 0,3 58
A5 — ?’1» ( 914 2562 v + + 2 >

Using the expansions given in § 3 (A), the potential at a point R, ¥ near the surface
of the ring is given by

. b1y 1080427 /2043 12045 36/ + 51
(,_A]<l+z+ 16 © T a0us >+A o\ T s >+A3" ED)

2
I+1 9 + 3 120 + 11 9
+eosx {4, (e 33> + A20~< T ) + A 1}
. 342 200 + 44 121+ 9
+ cos 2 {4, < G e A (3 sz)
L 5
+A0® (1) + Ao? 3]

-+ cos 3y {AI 54;‘;5&2‘ P4 Ao s+ Ago*z + At }

350 + 113 6
-+ cos 4y {Al' 1908~ e st Ayo 155 87+ Ago s 4+ Ao, ,9'+A5°'4554}

where as before, I stands for log (8¢/R) — 2, s for R/¢, and o for a/c .
N 2
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92 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
§ 23. At the surface of the ring

1s constant. Therefore

V2 (e~ Reosy)?

18 constant at the surface of the ring, or

w?c?

— Q) 2
271'((,2 + 4ora? (l 5008 X) :

1s constant, when

= o (1 4 B, cos 2x -+ B cos 3y -+ B, cos 4x).
Let
A\ w’c?

+ o (1 — scos x)°

2ara®

be called f(s).

Then
1 - cos 4:;(

F()=f(o)+f (o) o (Bycos 2x +...)+ 51" (o) a® By? —Een
Now

e (Ll 1w
;MQ_A& S+4Q Aoy + 25
I Ap %

+C(’SX{A1§”§Z g }cosx

. 60 + 1 , 24 0% @' |
~+jfcos 2x {Ai 6 7T T + 4vr(ﬂéf

and

. w*c?
f () ( + —ﬁ—> + Aara® cos 2.

dara®

Therefore, af” (o) (B, cos 2 x + &e.)
6n + 1 w?? o
= (4,2 e A+ 2 )

dmi?
+ <A12°""’%2"'gri;°'>:32 cos X

-+ {':A.l <-— 1+ jfo“z> — %20’ Zg%] By A, B: o — %3 - z% 0’:1! BJ} cos 2y
+{(MFo—F — o) B A} cos 3y

0 EE )0k (3o - e A onin
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MR. . W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 93

and
1 + coS 4y

“"f " ( ) B3t 4 182 1 /322 cos 4x.

All terms which are of order higher than o* have been neglected ; and throughout,
it has been assumed that w®c*/4ma? is of zero order in o, B, of the second order, B, of
the third, and so on—an assumption which will be justified by the result.

The value of
A"

w’?
s+ 5 (1 —scosx)?
at the surface of the ring is

A (

108\ + 2 6n + 1
ot + 15T o+ ol 0%, 1+ 45y)

<2x+30+12;\,2+5 >+A (367»»;31,;"-—&) - ag( T+ +1822)
+COSX{A1<%210=+%61“3' 0-[32>+A2<1+12)°+uo'9-%)

+ A b0+ o (— 20 — o)}

+ A,

SN+ 2 20N + 42 ' by Y
+00‘*2X{A1QX+“‘ o® + 7;;(; : é*ﬁz'{"zvgﬁz'l-zd'ﬁs)

+ 4 (74 e -5 B, —~%63>+A3(1 +10)
+ Ay + oo (5 + 8= o))

-+ cos 3x {Al <§§(;ZJ3 o'+ 0'182 33) + Az (55 0° — 4 By)

+ A, 24, — 25 0B

6 9
~+°054X{A1< 7?1«;‘ 13 . ot hj;l %z'f“%lfﬁg--ﬂd,-{-%)
+A9(‘i“gso' 233) +'A ("“‘O’ ""BS)
+A‘12+6A +4 0@( Bz""“o'leg)}‘

Equating the coefficients of cosy, cos 2y, cos 3y, cos 4y to zero, we obtain four
equations to find

w22
477“2’ 32’ B-SS and‘ 184'
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94 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Substituting the values of A,, A,, &c., these equations are

+B {0 =) = T =0 ¢
e -2 te - 180,
55"%0;4’76) o+ 3%}”% e )EZ By — iRt @2‘ wcz”(i B 2'83>" *J

These equations give
z

=0+ Do —FO o
B N+ Bt + (v — ) ot

? 1-——(7\+~)0'“ },
Bs = 15 (A — 7'1) o°

THN + 80N 4 21
B = 256 as

Il

where o = a/c and A = log, (8¢/a) — 2.

The result o*/7r = (A + §) 0® is given by Mmu. KowALEWSKT in a paper on Saturn’s
rings in the ¢ Astronomische Nachrichten’ for 1885. She finds B8, =1 (A + 2) o2
M. Porncark also gives o’/m == (A 4 £) ¢® and finds B, = $ (\ 4 2) 0,.  Both papers
are given in TISSERAND’S ‘ Mécanique Céleste,” vol, 2. The value found above has
been kindly verified for me by Mr. Hermaw, Fellow of Trinity College, Cambridge.

The numerical values of o/, B,, &e., are given below when o = %, &, 5.

9

o="1 A=23820 B,=-0189  B,;=-0001  B,= 0003 < =-0313

f

o="2 AN=16889  B,=-0570  B,=-0004  B,=:0023 2 = 0970
) iy
o="3 A=12834  B,=1268  By=0010 B, = 0078 %; = 1836.
A figure is given for the case of o = 3.

The cross-section is roughly an ellipse whose major axis is perpendicular to the axis
of the ring. The eccentricity of this eliipse increases with the angular velocity.
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[When the paper was read, numerical results were given for larger values of o.
The above method cannot, however, be employed in such cases. For, as the

Meﬂn a7'¢’Ze

Axis of Revolution.

eccentricity of the cross-section increases, the expression given for the potential at
external points will become divergent at the extremity of the minor axis of the cross-
section. A similar result will occur if the potential of an elliptic cylinder be found at
external points, considering it as an approximation to a circular cylinder. In this
case it is easy to show that the eccentricity must be < 1/,/2. Assuming the same
result for the case of a ring, it will be seen that B, = ‘2076, the value the above
method gives for o = "4, gives the cross-section of too great eccentricity for the series
to be convergent. That the series were divergent for large values of B, was also
suggested by one of the Referees. Aug., 1892.]
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